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Assortativity

• Assortativity is a graph metric and describes the tendency of high 
degree nodes to be directly connected to high degree nodes and low 
degree nodes to low degree nodes.

• Newman (2002) index for an undirected and unweighted networks

𝑟 =
σ𝑖 𝑒𝑖𝑖 − σ𝑖 𝑞𝑖
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Adjacency

A B C D E

A 1 1 2

B 1 1

C 1 1 1 3

D 1 1 2

E 1 1 2

2 1 3 2 2 𝟐 ⋅ 𝟓

𝑛 = A 1,1 = 2 ⋅ 𝐸

𝒅 = A𝟏
E = A/𝑛

𝒒 = E𝟏 = 𝒅/𝑛



Degree centrality

Vertex Degree

A 2

B 1

C 3

D 2

E 2



Covariance with a joint distribution

X\Y 𝒚𝟏 ⋯ 𝒚𝒋 ⋯ 𝒚𝒄

𝒙𝟏 ⋯ ⋯ ⋯ ⋯ ⋯ 𝒏𝟏𝟎

⋮ ⋯ ⋯ ⋯ ⋯ ⋯ ⋮

𝒙𝒊 ⋯ ⋯ 𝑛𝑖𝑗 ⋯ ⋯ 𝒏𝒊𝟎

⋮ ⋯ ⋯ ⋯ ⋯ ⋯ ⋮

𝒙𝒓 ⋯ ⋯ ⋯ ⋯ ⋯ 𝒏𝒓𝟎

𝒏𝟎𝟏 ⋯ 𝒏𝟎𝒋 ⋯ 𝒏𝟎𝒄 𝒏

𝐶𝑜𝑣 𝑋, 𝑌; N =
1

𝑛


𝑖𝑗

𝑥𝑖 − ҧ𝑥 𝑦𝑗 − ത𝑦 𝑛𝑖𝑗 =

=
1

𝑛


𝑖𝑗

𝑥𝑖𝑦𝑗𝑛𝑖𝑗 − ҧ𝑥 ത𝑦 =

=
1

𝑛
𝒙′N𝒚 −

1

𝑛
𝒙′𝒏𝑋 ⋅

1

𝑛
𝒏𝑌

′ 𝒚 =

=
1

𝑛
𝒙′ N −

𝒏𝑋𝒏𝑌
′

𝑛
𝒚

𝒏𝑋 = N𝟏, 𝒏𝑌 = N′𝟏, 𝑛 = N 1,1



Covariance with a joint distribution

X\Y 𝒚𝟏 ⋯ 𝒚𝒋 ⋯ 𝒚𝒄

𝒙𝟏 ⋯ ⋯ ⋯ ⋯ ⋯ 𝒒𝟏𝟎

⋮ ⋯ ⋯ ⋯ ⋯ ⋯ ⋮

𝒙𝒊 ⋯ ⋯ 𝑒𝑖𝑗 ⋯ ⋯ 𝒒𝒊𝟎

⋮ ⋯ ⋯ ⋯ ⋯ ⋯ ⋮

𝒙𝒓 ⋯ ⋯ ⋯ ⋯ ⋯ 𝒒𝒓𝟎

𝒒𝟎𝟏 ⋯ 𝒒𝟎𝒋 ⋯ 𝒒𝟎𝒄 𝟏

𝐶𝑜𝑣 𝑋, 𝑌; N = 𝒙′ E − 𝒒𝑋𝒒𝑌
′ 𝒚

E =
N

𝑛

𝒒𝑋 = E𝟏 =
𝒏𝑋

𝑛

𝒒𝑌 = E′𝟏 =
𝒏𝑌

𝑛



Matrix notation of variance

X\X 𝒙𝟏 ⋯ 𝒙𝒊 ⋯ 𝒙𝒓

𝒙𝟏 𝑛10 𝒏𝟏𝟎

⋮ ⋱ ⋮

𝒙𝒊 𝑛𝑖0 𝒏𝒊𝟎

⋮ ⋱ ⋮

𝒙𝒓 𝑛𝑟0 𝒏𝒓𝟎

𝒏𝟏𝟎 ⋯ 𝒏𝒊𝟎 ⋯ 𝒏𝒓𝟎

𝑉𝑎𝑟 𝑋; 𝒏𝑋 =
1

𝑛
𝒙′ D𝒏𝑋

− 𝒏𝑋𝒏𝑋
′ 𝒙

𝑉𝑎𝑟 𝑋; 𝒏𝑋 = 𝒙′ D𝒒𝑋
− 𝒒𝑋𝒒𝑋

′ 𝒙



Matrix notation of Newman’s index

𝑟 =
𝒅′ E − 𝒒𝒒′ 𝒅

𝒅′ D𝒒 − 𝒒𝒒′ 𝒅



Directed and weighted newtworks

A B C D E out

A 3 3

B 5 5

C 2 9 11

D 6 6 12

E 7 7

in 2 6 12 9 9 t=38

A = [𝑎𝑖𝑗 ∶ 𝑤𝑖𝑗 > 0 ∀𝑖𝑗 ∈ 1, . . , 𝑛]

𝑡 = W 1,1

𝒔𝑜𝑢𝑡 = W𝟏, 𝒔𝑖𝑛 = W′𝟏

Ew =
W

t

𝒑𝑜𝑢𝑡 = EW𝟏 =
𝒔𝑜𝑢𝑡

𝑡
, 𝒑𝑖𝑛 = EW

′ 𝟏 =
𝒔𝑖𝑛

𝑡



In-out degree and strength centrality

Vertex 𝒅𝑖𝑛 𝒅𝑜𝑢𝑡 𝒔𝑖𝑛 𝒔𝑜𝑢𝑡

A 1 1 2 3

B 1 1 6 5

C 2 2 12 11

D 1 2 9 12

E 2 1 9 7



Newman’s index for weighted and directed 
networks

𝑟(𝒅𝑜𝑢𝑡, 𝒅𝑖𝑛|A) =
𝒅𝑜𝑢𝑡

′ E − 𝒒𝑜𝑢𝑡𝒒𝑖𝑛
′ 𝒅𝑖𝑛

𝑉𝑎𝑟 𝒅𝑜𝑢𝑡 𝒅𝑜𝑢𝑡 ⋅ 𝑉𝑎𝑟(𝒅𝑖𝑛|𝒅𝑖𝑛)

𝑟(𝒔𝑜𝑢𝑡, 𝒔𝑖𝑛|A) =
𝒔𝑜𝑢𝑡

′ E − 𝒒𝑜𝑢𝑡𝒒𝑖𝑛
′ 𝒔𝑖𝑛

𝑉𝑎𝑟 𝒔𝑜𝑢𝑡 𝒅𝑜𝑢𝑡 ⋅ 𝑉𝑎𝑟(𝒔𝑖𝑛|𝒅𝑖𝑛)

𝑟(𝒅𝑜𝑢𝑡, 𝒅𝑖𝑛|W) =
𝒅𝑜𝑢𝑡

′ Ew − 𝒑𝑜𝑢𝑡𝒑𝑖𝑛
′ 𝒅𝑖𝑛

𝑉𝑎𝑟 𝒅𝑜𝑢𝑡 𝒔𝑜𝑢𝑡 ⋅ 𝑉𝑎𝑟(𝒅𝑖𝑛|𝒔𝑖𝑛)

𝑟(𝒔𝑜𝑢𝑡, 𝒔𝑖𝑛|W) =
𝒔𝑜𝑢𝑡

′ Ew − 𝒑𝑜𝑢𝑡𝒑𝑖𝑛
′ 𝒔𝑖𝑛

𝑉𝑎𝑟 𝒔𝑜𝑢𝑡 𝒔𝑜𝑢𝑡 ⋅ 𝑉𝑎𝑟(𝒔𝑖𝑛|𝒔𝑖𝑛)

…

Note: 𝑟(𝒔𝑜𝑢𝑡, 𝒔𝑖𝑛|W) ≠ 𝑟(𝒔𝑖𝑛, 𝒔𝑜𝑢𝑡|W)



Edge sampling

W EW



Random walk

𝒑𝑜𝑢𝑡: = 𝒑0

E1 = Ew = D𝒑0
P

Eℎ = D𝒑0
Pℎ = D𝒑0

Pℎ

Pℎ𝟏 = 𝟏

Eℎ𝟏 = D𝒑0
Pℎ𝟏 = D𝒑0

𝟏 = 𝒑0

Eℎ
′ 𝟏 = Pℎ ′

𝒑0: = 𝒑ℎ; 𝒑ℎ
′ 𝟏 = 1

EW = D𝑝0
P



Higher order assortativity

𝑟ℎ(𝒙, 𝒚) =
𝒙′ D𝒑0

Pℎ − 𝒑0𝒑ℎ
′ 𝒚

𝑉𝑎𝑟(𝒙; 𝒑0)𝑉𝑎𝑟(𝒚; 𝒑ℎ)



Higher order assortativity: 𝒙 = 𝒔𝑜𝑢𝑡, 𝒚 = 𝒔𝑖𝑛



Motivating application: 𝒙 = 𝒔𝑜𝑢𝑡, 𝒚 = 𝒔𝑖𝑛
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