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Correlation network of  the financial market

Financial Network: 𝑮 = (𝑵, 𝑬) 𝑁 set of  nodes corresponding to assets, |𝑁| = 𝑛

𝐸 set of  edges between any two nodes, |𝐸| = 𝑚• undirected

• complete

• edge-weighted

𝑮 = (𝑵, 𝑬) with 𝒏 = 𝟓

𝑤𝑖𝑗 a weight for each edge (i,j)

𝑤𝑖𝑗 = 𝜌𝑖𝑗 Pearson correlation coeff. for returns of  𝑖 and 𝑗

𝑤𝑖𝑗 = 𝜏𝑖𝑗 Kendall rank correlation for returns of 𝑖 and 𝑗

We consider 𝜏𝑖𝑗, (𝑖, 𝑗) ∈ 𝐸.

For 𝑅𝑖 and 𝑅𝑗 one has:

𝜏𝑖𝑗 =
2

𝑇(𝑇 − 1)
෍

𝑠<𝑡

𝑠𝑔𝑛(𝑅𝑖𝑠−𝑅𝑖𝑡)𝑠𝑔𝑛(𝑅𝑗𝑠−𝑅𝑗𝑡))

Typically, in real markets we have 𝜏𝑖𝑗 ≥ 0 for almost all pairs (i,j)

𝑇 is the number of  time observations
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Correlation network of  the financial market
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• The  complete graph represents the whole market 

correlation structure.

whole market
• We are interested to capture only the structure of  the 

strongest links. 

➢ 𝐺𝜃 = (𝑁, 𝐸𝜃) filtered at a threshold 𝜽

• 𝑖, 𝑗 ∈ 𝐸𝜃 ↔ 𝑤𝑖𝑗 ≥ 𝜃

• Fix 𝜃 ∈ [−1,1]

𝑮𝜽 = (𝑵, 𝑬𝜽)
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𝑮 = (𝑵, 𝑬) with 𝒏 = 𝟓

𝑤23

4

2 1

53

𝑤12

𝑤15

𝑤45𝑤34

𝑤13𝑤25

𝑤14𝑤24

𝑤35

If  𝑤13, 𝑤14, 𝑤24< 𝜃

𝐸𝜃 is a subset of  𝐸



Correlation network of  the financial market

Edge density of  𝑮𝜽 :

𝒎𝜽

Τ𝑛(𝑛 − 1) 2

𝑮: density = 1 𝑮𝜽: density < 𝟏

NOTE: As the threshold value increases, 

the edge density of  the graph 𝑮𝜽 decreases.
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• 𝑖, 𝑗 ∈ 𝐸𝜃 ↔ 𝑤𝑖𝑗 ≥ 𝜃

• Fix 𝜃 ∈ [−1,1]

𝑮𝜽 = (𝑵, 𝑬𝜽)

𝑚𝜃 = 𝐸𝜃

If  𝑤13, 𝑤14, 𝑤24< 𝜃
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constraints
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Neighborhood separation constraints

Neighborhood separation condition: 

If 𝑖 is selected

no of  its neighbors can 

be chosen. 

If 𝑖 is not selected

at most 1 neighbor of  𝒊 can be 

chosen. 

→ no among 𝑗1, 𝑗2, and 𝑗3
can be selected
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Neighborhood of  i 𝑁(𝑖) = 𝑗 ∈ 𝑁: (𝒊, 𝑗) ∈ 𝐸𝜃

Selected assets are well-separated 

in the topology of  𝑮𝜽

𝐺𝜃 = (𝑁, 𝐸𝜃)

Example

→ at most 1 among 𝑗1, 𝑗2, and 𝑗3
can be selected

If 𝑖 is selected:

One can include in the portfolio only 

asset-nodes at distance at least 3

If 𝑖 is not selected:



Neighborhood separation constraints
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Neighborhood of  i 

Neighborhood separation constraints: 
𝑛 binary indicating variables:

𝑦𝑖 = ቊ
1 𝑖𝑓 𝑎𝑠𝑠𝑒𝑡 𝑖 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑝𝑜𝑟𝑡𝑓𝑜𝑙𝑖𝑜
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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𝑁(𝑖) = 𝑗 ∈ 𝑁: (𝒊, 𝑗) ∈ 𝐸𝜃

→ no among 𝑗1, 𝑗2, and 𝑗3
can be selected

Example

→ at most one among 𝑗1, 𝑗2, and 

𝑗3 can be selected

If 𝑖 is selected: If 𝑖 is not selected:

Selected assets are well-separated 

in the topology of  𝑮𝜽

One can include in the portfolio only 

asset-nodes at distance at least 3



Assortative mixing in the 

correlation network
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𝒅𝒊 = 𝑵(𝒊)

Neighborhood of  i 

Degree of  𝑖: 

𝒌𝒊 = 𝒅𝒊 − 𝟏Excess degree of  𝑖: 

Assortative/disassortative edges

Example 1 Example 2𝑘𝑖 = 𝑑𝑖 − 1 = 𝟖 − 1 = 7

𝑘𝑗 = 𝑑𝑗 − 1 = 𝟐 − 1 =1

𝑘𝑓 = 𝑑𝑓 − 1 = 𝟏 − 1 = 0

Edge 𝑖, 𝑗 is highly disassortative: the high-degree 

node 𝑖 is associated to the low-degree node 𝒋

Assortative mixing in the correlation network

Edge 𝑖, ℎ is highly assortative: the high-degree 

node 𝑖 is associated to the high-degree node 𝒉

𝑘𝑖 = 𝑘ℎ
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𝐺𝜃 = (𝑁, 𝐸𝜃) 𝑁(𝑖) = 𝑗 ∈ 𝑁: (𝒊, 𝑗) ∈ 𝐸𝜃



Assortative mixing in the correlation network

Giornate della Ricerca MEMOTEF, 27-28 giugno 2023 – Federica Ricca

The assortative mixing of  a graph 𝑮 is computed as the Pearson correlation coefficient 

of  the excess degrees of  the nodes at either ends of  an edge (Newmann, 2002) .

From edge assortativity To node contribution to the assortativity of  G

(for node-degree: Piraveenan et al., 2008)
Assortativity of  G

Example 1 Example 2𝑘𝑖 = 𝑑𝑖 − 1 = 𝟖 − 1 = 7

𝑘𝑗 = 𝑑𝑗 − 1 = 𝟐 − 1 =1

Edge 𝑖, 𝑗 is highly disassortative: the high-degree 

node 𝑖 is associated to the low-degree node 𝒋
Edge 𝑖, ℎ is highly assortative: the high-degree 

node 𝑖 is associated to the high-degree node 𝒉

𝑘𝑖 = 𝑘ℎ

𝑘𝑓 = 𝑑𝑓 − 1 = 𝟏 − 1 = 0



Assortativity-based portfolio 

optimization models
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Assortativity-based portfolio selection models

Problem domain

A target value 𝑅𝑉𝐴𝑅 for the portfolio 

returns over time is fixed and this set of  

constraints allows that in at most the 𝛅%
of  the cases this value is not reached.  

Portfolio constraintVAR constraints

𝛾 is a fixed lower bound on the 

fractions invested in any asset 

σ𝑖=1
𝑛 𝑥𝑖 = 1

σ𝑖=1
𝑛 𝑅𝑖𝑡𝑥𝑖 +𝑀𝑧𝑡 ≥ 𝑅𝑉𝐴𝑅 𝑡 = 1,2, . . . , 𝑇

1

𝑇
෍

𝑡=1

𝑇

𝑧𝑡 ≤ 𝛿

𝛾𝑦𝑖 ≤ 𝑥𝑖 ≤ 𝑦𝑖 𝑖 = 1,2, . . . , 𝑛

𝑦𝑖 + σ𝑗∈𝑁(𝑖)𝑦𝑗 ≤ 1 𝑖 = 1,2, . . . , 𝑛

𝑥𝑖 ≥ 0 𝑖 = 1,2, . . . , 𝑛
𝑦𝑖 ∈ {0,1} 𝑖 = 1,2, . . . , 𝑛
𝑧𝑡 ∈ {0,1} 𝑡 = 1,2, . . . , 𝑇

Neighborhood

separation constraints
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Assortativity-based portfolio selection models

Problem objective function

σ𝑖=1
𝑛 𝑥𝑖 = 1

σ𝑖=1
𝑛 𝑅𝑖𝑡𝑥𝑖 +𝑀𝑧𝑡 ≥ 𝑅𝑉𝐴𝑅 𝑡 = 1,2, . . . , 𝑇

1

𝑇
෍

𝑡=1

𝑇

𝑧𝑡 ≤ 𝛿

𝛾𝑦𝑖 ≤ 𝑥𝑖 ≤ 𝑦𝑖 𝑖 = 1,2, . . . , 𝑛

𝑦𝑖 + σ𝑗∈𝑁(𝑖)𝑦𝑗 ≤ 1 𝑖 = 1,2, . . . , 𝑛

𝑥𝑖 ≥ 0 𝑖 = 1,2, . . . , 𝑛
𝑦𝑖 ∈ {0,1} 𝑖 = 1,2, . . . , 𝑛
𝑧𝑡 ∈ {0,1} 𝑡 = 1,2, . . . , 𝑇

max
𝑥

෍

𝑖=1,2,…,𝑛

𝐸(𝑅𝑖)𝑥𝑖 − ෍

𝑖=1,2,…,𝑛

𝒓𝒊𝑦𝑖

𝑀𝐷−𝐴𝑠𝑠𝑀𝑖𝑥 − Degree assortativity model

max
𝑥

σ𝑖=1
𝑛 𝐸(𝑅𝑖)𝑥𝑖 𝑴𝑩𝒆𝒏𝒄𝒉
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max
𝑥

෍

𝑖=1,2,…,𝑛

𝐸(𝑅𝑖)𝑥𝑖 − ෍

𝑖=1,2,…,𝑛

𝑺𝒓𝒊𝑦𝑖

𝑀𝑆−𝐴𝑠𝑠𝑀𝑖𝑥 − Strength assortativity model



Results
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Results: in-sample performance
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S&P500: daily observations, rolling time windows, average 𝝁𝒊𝒏 and 𝝈𝒊𝒏

 𝑀𝐵𝑒𝑛𝑐ℎ is obviously better for 𝜇𝑖𝑛, but not for 𝜎𝑖𝑛

 𝑀𝑆−𝐴𝑠𝑠𝑀𝑖𝑥 and 𝑀𝐷−𝐴𝑠𝑠𝑀𝑖𝑥 tends to include more assets in the 

portfolio then 𝑀𝐵𝑒𝑛𝑐ℎ

Daily observations from 

06/10/2006 to 31/12/2020 (3715 

observations)



Results: out-of-sample performance
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The average indices of  the optimal solutions found by our assortativity-based 

models are globally better than those of  𝑀𝐵𝑒𝑛𝑐ℎ

S&P500: daily observations, rolling time windows, average 𝝁𝒐𝒖𝒕 and 𝝈𝒐𝒖𝒕



Results: optimal solutions
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Results: cumulated values
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Conclusions
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We introduce new Mixed Integer Linear Programs for portfolio optimization 

which maximize the portfolio expected return and prevent high positively 

correlated assets to be selected together:

 Local assortativity coefficients for nodes of  𝑮𝜽

 Network representation of  the financial market 𝑮𝜽

 Neighborhood separation constraints

Our results show that the combination of  these two new 

features is able to control portfolio returns variability and 

favor diversification, thus producing good out-of-sample 

performance of  the optimal portfolios found.



Additional slides
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Assortative mixing in the 

correlation network
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Local assortativity coefficient for a node 𝒊 of  𝑮
(Piraveenan, Prokopenko, Zomaya, 2008):

Assortative mixing in the correlation network

The assortative mixing of  a graph 𝑮 is computed as the Pearson correlation coefficient 

of  the excess degrees of  the nodes at either ends of  an edge (Newmann, 2002) .

From edge assortativity To node contribution to the assortativity of  G

(for node-degree: Piraveenan et al., 2008)
Assortativity of  G

(Newmann, 2002)

Local assortativity coefficient for a node i of  G

(Piraveenan, Prokopenko, Zomaya, 2008):

𝜇𝑞(𝑘) and 𝜎𝑞(𝑘)
2 : 

mean and the variance of  the node excess degree k.
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𝜇𝑞(𝑠) and 𝜎𝑞(𝑠)
2 : 

mean and the variance of  the excess strength s.



Generalized assortativity coefficient
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 We enhance and motivate the use in portfolio selection of  one specific strength 

assortativity index, called 𝒓(𝟏,𝟎)
𝒘 , which was introduced in the literature theoretically, but not 

actually applied in real-life problems (U. Pigorsch, M. Sabek, 2022). 



Generalized assortativity coefficient
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Network analysis for portfolio 

selection: related literature
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Network analysis for portfolio selection

• Caccioli et al. 2018 and Neveu 2018: the links of  the network connecting financial institutions 

are viewed as channels for the propagation of  risk and financial systemic risk and contagion in 

financial markets is studied through the analysis of  the financial network.

In the literature of  the last decade the use of  networks in the analysis of  the financial market has 

been extensively applied to study different aspects:

• Boginski et al. (2014): study clustering dynamics in the market correlation network by 

solving combinatorial optimization problems related to cliques, such as partitioning the market 

graph into a minimum number of  distinct cliques, or finding the clique of  maximum size.
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Network analysis for portfolio selection

In particular, network structures and properties can be exploited for controlling portfolio volatility

and enhancing diversification.

• Peralta and Zareei (2016): establish a negative relationship between Markowitz’s optimal 

portfolio fractions and the centrality of  nodes representing assets in the financial market 

network.

• Puerto et al. (2020): propose a Mixed Integer Linear Program for dealing with asset clustering and 

portfolio selection simultaneously. The financial network is endowed with a metric based on the 

correlation coefficients between assets' returns, and classical location problems on networks are 

implemented for clustering assets using such metric.

• Clemente, Grassi, and Hitaj (2021): use the node clustering coefficients from network 

analysis to measure global minimum interconnectedness between assets’ returns. 
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Network analysis for portfolio selection

Markowitz, 1952

min
𝑥

𝑥𝑇Σ𝑥

𝑒𝑇𝑥 = 1

𝑥 ≥ 0

GMV model

Σ

𝑥 Portfolio fractions

Covariance matrix

Clemente et al., 2021

GMH model

min
𝑥

𝑥𝑇𝑯𝑥

𝑒𝑇𝑥 = 1

𝑥 ≥ 0

• Financial correlation network for the 

dependence of  assets returns

• interconnection matrix H based on node 

clustering coefficients

• Portfolio expected return is not considered.

𝑯 = ∆𝑻𝑪∆

𝑐𝑖𝑗 = ቊ
𝐶𝑖𝐶𝑗 𝑖𝑓 𝑖 ≠ 𝑗

1 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

∆= 𝑑𝑖𝑎𝑔(𝑠𝑖)

𝑠𝑖 =
𝜎𝑖

σ𝑖=1
𝑛 𝜎𝑖

2

• Clemente, Grassi, and Hitaj (2021): use the node clustering coefficients from network 

analysis to measure global minimum interconnectedness between assets’ returns. 
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