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HIGHEST DENSITY REGIONS [HYNDMAN, 1996]

Let fX denote the PDF of a continuous random variable X ∈ Rd, with
d ≥ 1. Denote with 1 − α, where α ∈ (0, 1), the required coverage
probability. A 100(1 − α)% highest density region (HDR) is defined as
the subset R(fα) of the sample space of X such that:

R(fα) = {x : fX(x) ≥ fα}, (1)

with fα being the largest constant such that P (X ∈ R(fα)) ≥ 1− α.
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• Flexibility and effectiveness “to convey both multimodularity and asymmetry in the density”.
• Problems / applications of interest: prediction intervals, anomaly detection, unsupervised and semisupervised classification.
• Interest in Bayesian analysis as well: highest posterior density regions and credibility regions [Box and Tiao, 2011].

A COPULA-BASED APPROACH FOR HDR ESTIMATION

Copulae and Sklar’s Theorem [Sklar, 1959]

Given a random vector X = (X1, . . . , Xd) and a d-variate CDF FX which
can depend on some parameters λ1, · · · , λd, [Sklar, 1959] showed that there
always exists a d-variate function C = Cθ : [0, 1]

d → [0, 1], such that:

F (x1, . . . , xd;λ1, · · · , λd, θ) = Cθ(F1(x1;λ1), . . . , Fd(xd;λd)),

where Fj is the marginal CDF of Xj .

Therefore, in case that the multivariate distribution has a density f , and this
is available, it holds further that

f(x1, . . . , xd)︸ ︷︷ ︸
Multivariate density

= cθ(F1(x1), . . . , Fd(xd))︸ ︷︷ ︸
Copula density

× f1(x1)× · · · × fd(xd)︸ ︷︷ ︸
Marginal univariate densities

• The typical approach to estimate HDRs is the density quantile approach,
that is, the sample quantile of a random variable Y = fX(X).

• Problem(s): f is generally unknown and estimation methods such as KDE
are critical in multidimensional settings (bandwidth selection, algorith-
mic/computational issues [Liu et al., 2007, Wand and Jones, 1994])

• A copula approach may overcome the multidimensional issue.

• In a bivariate continuous case, with X = (X(1), X(2)), denoted with ĉ an
estimator for the copula density, we get an 100(1−α)% HDR estimate as:

R̂n(f̂α) = {x : ĉX(F̂1(x
(1)), F̂2(x

(2)))f̂1(x
(1))f̂2(x

(2)) > f⌊αn⌋},

with f̂j and F̂j , j = 1, 2, consistent estimators of the marginals and n the
size of an iid sample of observations.

SIMULATION STUDIES
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S1: Gaussian marginals - Gaussian copula
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S2: Gaussian & t marginals - Clayton copula
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S3: Gaussian & GaussianMixture marginals - t copula
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S4: GaussianMixture marginals - Gaussian copula
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S2: Gaussian & t marginals - Clayton copula

FNR =
FN

FN + TP
; FPR =

FP

FP + TN
; ER =

FN + FP

FN + FP + TN + TP

Results

• The copula-based approaches outperform the direct KDE.

• The parametric copula-based approach shows the lowest ER, FPR, FNR.
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