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Preliminaries: Self-similarity

Definition (Self-similar stochastic process)

The Rk−valued stochastic process {Xt, t ≥ 0}, nontrivial and continuous
at t = 0, is self-similar with parameter H0 ≥ 0 (H0-ss) if for any a > 0,

{Xat}
d
= {aH0Xt} (1)

where d
= denotes the equality of the k-dimensional distributions of Xt.

Remark
If Xt has stationary increments, then they are also self similar with the
same parameter H0 (H0-sssi), that is:

{Xt+a − Xt}
d
= {aH0(Xt+1 − Xt)}. (2)
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Preliminaries: the Lamperti transform

The key role of the work is played by the following

Theorem (Lamperti (1962))

If {Xt, t ≥ 0} is H-ss and

Vt = e−tHXet , t ∈ R, (3)

then {Vt, t ∈ R} is strictly stationary.
Conversely, if {Vt, t ∈ R} is a strictly stationary process and if for some
H > 0

Xt = tHVlog t, for t > 0; X0 = 0, (4)

then {Xt, t ≥ 0} is H-ss.
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Preliminaries: (Fractional) Ornstein-Uhlenbeck process

Consider the linear SDE (Langevin-like equation) driven by a fractional
Brownian motion (fBm) of parameter H0

dVH0
t = −αVtdt + dBH0

t , t ≥ 0, (5)

with α > 0.
The solution of equation (5) is

VH0
t = e−αt

(
V0 +

∫ t

0
eαsdBH0

s

)
(6)

where the initial value VH0
0 :=

∫ 0
−∞ eαsdB̂H0s with B̂H0

t a two-sided fBm.

In general, for every VH0
0 ∈ L0(Ω), VH0

t is called a fractional Ornstein-
Uhlenbeck process (fOU) with initial condition VH0

0 .
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Properties I

fOU is a stationary process
When H0 = 1/2 the fOU process reduces to the classical
Ornstein–Uhlenbeck process
The Ornstein–Uhlenbeck process can be obtained from Brownian
motion by Lamperti transform

V1/2
t = e−t

(
V1/2

0 + 2−1/2Be2t−1

)
in the sense of having the same finite dimensional distributions.
Property above does not hold for the fOU if H0 ̸= 1/2, because VH0

t
in (6) has not the same finite dimensional distribution as its Lamperti
transform

ZH0
t = e−t

(
VH0

0 +
√

H0BH
et/H0−1

)
, t ≥ 0
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Properties II

The pathwise Riemann-Stieltjes integral in (6) exists and, for
H ∈ (0, 1/2) ∪ (1/2, 1], N = 1, 2, . . ., t ∈ R fixed and s → ∞ it is
[Cheridito, Kawaguchi, and Maejima (2003)]

Cov(VH0
t ,VH0

t+s) =
1
2

N∑
n=1

α−2n
(2n−1∏

k=0
(2H0 − k)

)
s2(H0−n) +O

(
s2(H0−N−1))

Cov(VH0
t ,VH0

t+s) decays similarly to Cov(BH0
h+t − BH0

h ,BH0
h+s+t − BH0

h+s)
and exhibits short-range dependence if H < 1/2 and long-range
dependence if H > 1/2.
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Properties III

Figure: Simulated paths of fractional Ornstein-Uhlenbeck process
with different Hurst exponents (α = 0.01;m = 0.5, ρ = 0.3)
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(Rough) Fractional Stochastic Volatility Model

Comte and Renault’s Fractional Stochastic Volatility model (1998)
The stock price St is described by the following system of SDE’s{

dSt = µ(t, St)dt + StσtdWt
d log(σt) = α[m − log(σt)]dt + ρdBH

t
(7)

The log-volatility (log σt) is modeled by a fOU process.

Gatheral, Jaisson, and Rosenbaum (2014); Gatheral, Jaisson, and
Rosenbaum (2018) provide empirical evidence of H ∼ 0.1, which turns (7)
into Rough Fractional Stochastic Volatility (RFSV).

Generalizations: Rough Bergomi model [Bayer, Friz, and Gatheral (2016)];
Rough Heston model [El Euch, Gatheral, and Rosenbaum (2019)].
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Estimation of the regularity parameter, I

Pro roughness
Generalized Hurst Exponent
Livieri et al. (2018): H ≃ 0.3 for ATM options S&P500
Quasi-Likelihood Estimation
Fukasawa, Takabatake, and Westphal (2019): H ∈ (0.02, 0.06) for
five 5-min stock indices.
Generalized Method of Moments
Bolko et al. (2022): H ≲ 0.05 for a large panel of equity indices.
OLS on second order variogram
Bennedsen, Lunde, and Pakkanen (2021): H ∈ (0.1, 0.2) for S&P500
E-mini futures contracts.
Multifractal Detrended Fluctuation Analysis
Takaishi (2020): non costant generalized Hurst exponent in Bitcoin
volatility.
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Estimation of the regularity parameter, II

Questionable roughness

Cont and Das (2022) use a non-parametric method based on
normalized p-th variation along a sequence of partitions and show
that the realized volatility exhibits rough behaviour, irrespective of the
roughness of the spot volatility process.

Rogers (2023) finds that the roughness of volatility can be explained
by simpler models such as a bivariate Ornstein-Uhlenbeck model.

Angelini and Bianchi (2023) show that highly nonlinear biases appear
when the Hurst exponent is estimated by smoothing moment-based
methodologies.
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Contribution

ä We apply the Lamperti transform to convert the (stationary)
log-volatility into a self-similar process.
In this regard, we prove that:

The self-similarity parameter of the transformed process is invariant
w.r.t. the parameter of the Lamperti transform

The Lamperti transform of the fOU process driven by a fBm of
parameter H0 is itself H0-ss

ä We use a distribution-based method [Bianchi (2004)] to estimate the
self-similarity parameter of the transformed process.

Open problem:
Generalize the Kolmogorov-Smirnov distributions to dependent data

ä We provide evidence of roughness in the log-volatility
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Main results I

We state the following

Proposition (Uniqueness)

Let {Yt, t ∈ R} be strictly stationary. Then its Lamperti transform
Xt = tHYlog t is H0-ss for any H.

Implication. The Lamperti transform can be calculated with any H.

Proof. Let H ∈ (0, 1], X0 = 0 and t > 0. From the Lamperti transform
one has

Xt = tHYlog t and Xat = (at)HYlog at.

By definition, Xt is self-similar of parameter H0 if {aH0Xt}
d
= {Xat}, that is

{aH0tHYlog t}
d
= {aHtHYlog at}
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Main results II
The factor tH can be cancelled and this entails that the choice of H in
equation (4) does not affect the self-similarity parameter H0. In fact,

{aH0Ylog t}
d
= {aHYlog a+log t}.

By the stationarity of Yt, {Ylog a+log t}
d
= {Ylog t}, therefore

{aH0Ylog t}
d
= {aHYlog t}

if and only if H = H0, whatever tH is considered in the Lamperti
transform.
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Main results III

Proposition (Identity)

The Lamperti transform (4) of the fOU process driven by a fBm of
parameter H0 is H0-ss.

Implication. The roughness of the log-volatility (provided it follows a fOU
process) can be estimated as the self-similarity parameter of the Lamperti
transformed process.

Proof. Without loss of generality, we set V0 = 0, so that

Vt = e−αt
∫ t

0
eαsdBH0

s .
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.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Main results IV

For any H, we have to prove that Xat
d
= aH0Xt with Xt = tHVlog t. It is

Xat = (at)HVlog(at)

= (at)He−α log(at)
∫ log(at)

0
eαsdBH0

s

= (at)H−α

∫ log(at)

0
eαsdBH0

s (8)

and

aH0Xt = aH0tHVlog(t)

= aH0tHe−α log t
∫ log t

0
eαsdBH0

s

= aH0tH−α

∫ log t

0
eαsdBH0

s . (9)
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Main results V
Equating in distribution (8) and (9), we have

aH−α

∫ log(at)

0
eαsdBH0

s
d
= aH0

∫ log t

0
eαsdBH0

s . (10)

Let us prove that the above equality holds if and only if H = H0. If this
equality is true, then simplifying (10) we have∫ log(at)

0
eαsdBH0

s
d
= aα

∫ log t

0
eαsdBH0

s . (11)

Setting v = s + log a yields to∫ log(at)

0
eαsdBH0

s
d
= aα

∫ log(at)

log a
eα(v−log a)dBH0

v−log a∫ log(at)

0
eαsdBH0

s
d
= aα

∫ log(at)

log a
eαva−αdBH0

v−log a.
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Main results VI

Since:
stationarity of dBH0 entails that dBH0

v−log a
d
= dBH0v

V is a stationary process as well [Cheridito, Kawaguchi, and
Maejima (2003)]

we finally have ∫ log(at)

0
eαsdBH0

s
d
=

∫ log t

0
eαvdBH0

v . (12)

Thus, process Xt is self-similar with parameter H0.
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Self-similarity through the diameter of PDF space I
Given the compact set of timescales A = [a, a] ⊂ R+, for any a ∈ A,
denote by FXa(x) the CDF of Xat.
Equation (1) can be written as

FXa(x) := P (Xat < x) = P
(

aH0Xt < x
)
= FX1(a−H0x), (13)

or, introducing the variable H, as

Fa−HXa(x) := P
(

a−HXat < x
)
= P

(
aH0−HXt < x

)
= FX1(aH−H0x).

Let:
ΨH := {Fa−HXa(x), a ∈ A, x ∈ R} be the set of CDF’s of {a−HXat}
consider the distance function ρ induced by the sup-norm || · ||∞ with
respect to A.
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Self-similarity through the diameter of PDF space II

The diameter of the metric space (ΨH, ρ) is then defined as

δ(ΨH) := sup
x∈R

sup
a,b∈A

|Fa−HXa(x)− Fb−HXb(x)|

= sup
x∈R

sup
a,b∈A

|FX1(aH−H0x)− FX1(bH−H0x)|

= sup
x∈R

|FX1(aH−H0x)− FX1(aH−H0x)|. (14)

where a = minA and a = maxA.
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Self-similarity through the diameter of PDF space III

The following Propositions hold for δ(ΨH):

Proposition (”Zero” δ)

The process {Xt, t ≥ 0} is H0-ss if and only if δ(ΨH0) = 0.

Proposition (Monotonicity in H)

Let {Xt, t ≥ 0} be H0-ss. Then δ(ΨH) is non-increasing for H ≤ H0 and
non-decreasing for H ≥ H0.

Proposition (Monotonicity in timescales)

Let {Xt, t ≥ 0} be H0-ss and {Ai}i=1,...,n be a sequence of timescale sets
such that ai ≤ aj and ai ≥ aj for i > j, then, with respect to {Ai}, δX(ΨH)
is: (i) non-decreasing, if H ̸= H0; (ii) zero, if H = H0.
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Self-similarity through the diameter of PDF space IV

Proposition (Diameter of fBm)

Let {Xt, t ≥ 0} be fractional Brownian motion of parameter H0, with
σ2 = E(BH

1 ). Then

δBH
t
(ΨH) = sup

x∈R

1
σ
√

2π

∫ xaH−H0

xaH−H0
e−u2/2σ2du,

that is
δBH

t
(ΨH) = Φ(x̂aH0−H)− Φ(x̂aH0−H)

where Φ denotes the cumulative distribution function of a standard normal
random variable and

x̂ =

{√
2(H0−H)

a2(H0−H)−a2(H0−H) log
a
a , if H ̸= H0

0, if H = H0.
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Examples I

Figure: Sketched estimation of the self-similarity parameter H0 as argminH∈[0,1)δ̂(ΨH).
The critical value of the KS test refers to the independence (dashed line), whereas
dependence in the samples reflects in a new frontier of critical values (dotted line).
Here, assuming to refer to a BH

t , the two frontiers intersect at the point H = 0.5
(independence).
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Examples II

Figure: (Bottom panels) KS tests for three simulated fOU of length n = 5, 000, with prescribed H0 = {0.25, 0.5, 0.75}.
The diameter δ̂(ΨHss ) is reported as a function of the Lamperti transform parameter H ∈ (0, 1), with step 0.01, and of the
self-similarity parameter Hss ∈ (0, 1), with step 0.0001. (Top panels) p-values of the KS tests as a function of H and Hss. The
minimum δ̂ (maximum p-value) is achieved in correspondence of the self-similarity parameters Ĥ0 prescribed for the fBm driving
the simulated fOU. The set of timescales used is A = [[1, 5]].
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Data analysis, stationarity of log-volatility

Figure: The ADF statistics and the p-values for the increments Zt,1 of the Lamperti
transform of log σt with H = Ĥ0.
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Data analysis, stationarity of transformed process

Figure: The ADF statistics and the p-values for the increments Zt,1 of the Lamperti
transform of log σt with H = Ĥ0, for each examined index.
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Data analysis, autocorrelation

Figure: First five-order autocorrelations for both indexes and fOU processes.

Contact: sergio.bianchi@uniroma1.it 30 / 35



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Data analysis, Regularity parameter I

Figure: Estimates Ĥ0 (values averaged with respect to increasing upper timescale,
a = 1 and a ∈ [[2, 20]]). For AORD the exact p-value is 0.997 ± 0.003.
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Data analysis, Regularity parameter II

Figure: Top panels: table displays the distances δ̂ and the p-values for the KS tests about increments of Lamperti
transform of log σt for SPX index with a set of timescales A = [1, 5]. Bottom left: the Ĥ0 values estimated for a fOU with
H0 = 0.10 for different a ∈ [[2, 20]]. Ĥ0 are dispersed around the prescribed H0 with a mean of Ĥ0 = 0.098 ± 0.009. Bottom
right: the same analysis is displayed for the log σt of the SPX index with an estimated Hurst exponent Ĥ0 = 0.142 ± 0.009..
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