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Subpopulation groups in the epidemic dynamics 

(Kermack-McKendrick Model, 1927)

S – susceptible individuals

(E – individuals exposed to the infection: infected but    

not infectious)

I – infected and infectious individuals

R – individuals removed from the infection process
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PARAMETERS controlling the epidemic dynamics

(closed population: N=S+E+I+R)

n, m – birth and death rates

a – removal/recovery rate

k – force of infection

g – rate of infectiousness for infected individuals

d – rate of loss of immunity

ξ,  – extra mortality rates

S IkInN

m m+

R
m

a
E

m+

g

d

XII Giornata della Ricerca MEMOTEF

Dipartimento Metodi e Modelli per l'Economia, il Territorio e la Finanza



S.I.R. model

S IkInN

m

an infection that generates a partially fatal infection with recovery/immunity
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COMPOUND MODELS (1)

Heterogeneity (e.g.: phenotype-related susceptibility)
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COMPOUND MODELS (2)

Vector borne infection (e.g.: malaria, yellow fever, dengue, west Nile …)
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S.I.R. model with variable demographic dynamics

vertical transmission

partially fatal disease

immigration
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Population/Immigration models

(autonomous systems)

1. variable population, constant immigration
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(prisons, migratory areas, new development areas)

2. constant population, variable immigration
(unsaturated demography, imbalanced resources)
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Brauer, Van der Driessche Models for transmission of disease with immigration of infectives MathBiosci 2001, 171(2)
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𝑑𝑆 𝑡

𝑑𝑡
= 𝜈 𝑆 𝑡 + 1 − 𝜋 𝐼 𝑡 + 𝑅 𝑡 − 𝜇 + 𝑘𝐼 𝑡 𝑆 𝑡 + 1 − 𝑝 𝜇 − 𝜈 𝑆 𝑡 + 𝐼 𝑡 + 𝑅 𝑡 + 𝜉𝐼 𝑡
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𝑑𝑡
= 𝛼𝑆 𝑡 − 𝜇𝑅 𝑡

𝑅0 =
𝑘𝑁

𝜇 + 1 − 𝑝 𝜉 − 𝜋 − 𝑝𝜈 + 𝛼

double bifurcation threshold: R0 = 1; p(m-n) = 0
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R0 = 1.78 p(m-n) = 0.000022

0

10

20

30

40

50

60

70

80

90

100

0 100 200 300 400 500 600 700 800 900 1000 1100

no. of cases

time

Prevalence

0

2

4

6

8

10

12

0 100 200 300 400 500 600 700 800 900 1000 1100

no.of cases

time

Incidence



XII Giornata della Ricerca MEMOTEF

Dipartimento Metodi e Modelli per l'Economia, il Territorio e la Finanza

0

10

20

30

40

50

60

70

80

90

100

400 500 600 700 800 900 1000 1100

infectives

susceptibles

Phase Plane



XII Giornata della Ricerca MEMOTEF

Dipartimento Metodi e Modelli per l'Economia, il Territorio e la Finanza

Space/intensity variable immigration 

COMPOUND MODELS (3)
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By separating the two sources of variability we have:

𝑆 𝑡, 𝜃 = 0𝑆 𝑡 1𝐒 𝑡; 𝜃 𝜶′ 𝜃 𝑑𝜃

𝐼 𝑡, 𝜃 = 0𝐼 𝑡 1𝐈 𝑡; 𝜃 𝜶′ 𝜃 𝑑𝜃
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Time-constant immigration flows

Constant proportion of infectives in the immigration flow

Time-constant immigration flows with a constant proportion of infectives

Space-independent, non-infective immigration
 ( ) ( )tStStStS )1()0()();( +==  ( ) )();();( )1()0(  αI += ttItI

 ( ) )()()1();( )0(  αY −+= qtStS  ( ) )()();( )0(  αY += qtItI

 ( ) )();()1();( )0(  αY −+= tqtStS  ( ) )();();( )0(  αY += tqtItI

 ( ) ( ) )();( )1()0(  αS += tStS  ( ) ( ) )();( )1()0(  αI += tItI
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Titolo del grafico

containment vs no containment

No containment


